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Abstract. There is a need to go beyond the narrow resonance approximation for QCD sum-rule channels
which are likely to exhibit sensitivity to broad resonance structures. We discuss how the first two Laplace
sum rules are altered when one goes beyond the narrow resonance approximation to include possible
subcontinuum resonances with nonzero widths. We show that the corresponding first two finite energy
sum rules are insensitive to the widths of such resonances, provided their peaks are symmetric and entirely
below the continuum threshold. We also discuss the reduced sensitivity of the first two finite energy sum
rules to higher dimensional condensates, and show these sum rules to be insensitive to dimension > 6
condensates containing at least one ggq pair. We extract the direct single-instanton contribution to the Fi
sum rule for the longitudinal component of the axial-vector correlation function from the known single-
instanton contribution to the lowest Laplace sum rule for the pseudoscalar channel. Finally, we demonstrate
how inclusion of this instanton contribution to the finite-energy sum rule leads to both a lighter quark mass
and to more phenomenologically reasonable higher-mass-resonance contributions within the pseudoscalar

channel.

1 Introduction: Nonzero resonance widths
and QCD Laplace sum-rules

Hadron properties can be extracted by relating pheno-
menological and field-theoretical expressions for integrals
over appropriately chosen current-correlation functions,
integrals which we denote as QCD sum rules [1]. In the
narrow resonance approximation, hadronic contributions
to the imaginary part of current-current correlation func-
tions are proportional to J-functions at the resonance
mass,

Im[IT"(s)] = > wged(s—m?2)+O(s—s0)Im[II*(s)], (1)

The summation in (1) is over all resonances r in the chan-
nel under consideration such that m? is less than so. Above
this hadron-continuum threshold, the hadronic contribu-
tion IT"(s) to the correlation function is assumed to be the
same as the contribution IT?(s) from perturbative QCD,
as is evident from (1).

The hadronic sub-continuum (h) contribution to the
k'* Laplace sum rule, corresponding to the transform of
the appropriate portions of (1), is defined to be

Ri(r) = /0 " ds(1/m) Im{IT"(s)

—II"(s)O(s — 50)]51C e 7 (2)

In the narrow resonance approximation (I" — 0), we see
from (1) that

JLiLrlO Ri7) = Z grm2F exp[—m?7], (3)
-

an expression in which contributions from more-massive
resonances are exponentially suppressed. Note from (3)
that R (1) > m2R5(7) where m, denotes the mass of
the lowest-lying resonance in the channel. Consequently,
RI(7)/RE(7) is bounded from below by m?2. Standard
QCD sum-rule methodology involves minimizing this ra-
tio [or its field-theoretical analogue] with respect to 7 in
order to determine a value of m? [2]. The sum rule R?(7)
corresponds to the following field-theoretical contribution
from perturbative-QCD and nonperturbative (np) QCD-
vacuum effects:

R2P(7) = / " ds(1/m) Il (s)) e (4)
+(=0/0m)* {(1)7)L7 [~dIT™ (5)/dQ?]} .

In (4), Q* = —s, and II"P(s) represents all correlation-
function contributions from QCD-vacuum condensates as
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well as direct instanton contributions. The inverse Laplace
transform in (4), corresponding to the Laplace-transform
definition

2

Loslf(r)] = / T drf(r)e @, (5)

is utilized to take advantage of the operator-product ex-
pansion of IT™ in inverse powers of Q?, and is easily un-
derstood via dispersion-relation methodology:

(1)L T () /) ©)
= /e /) | dstmr (@) (s + Q2

As is evident from (5), £71[1/(s + Q?)?] = 7e~*7, which,
upon substitution into (6) and (4), leads to a result con-
sistent with duality between QCD [IIP(s) + IT"P(s)] and
phenomenological hadronic physics [IT"(s)]:

REO(r) + /OO ds(1/m)Im[IT? (s)]sFe™*T
- /ooo ds(1/m)Im[IT7(s) + 1T (s)]s* ™" (7)

Duality between R’?CD(T) and R} (7) then follows via
comparison of (7) and (2). The mass of the lowest lying
resonance can be determined via the relationship

Min[RPP (1) /R{P (7)) = mj (8)

over an appropriate range of 7[33/2 > 72 s> Ageb).

There is a need to go beyond the narrow resonance ap-
proximation if QCD sum rules exhibit sensitivity to res-
onance structures with non-zero widths. Such structures
can not always be absorbed in the sum-rule continuum —
even the lowest hadronic resonances may have substantial
widths. For example, theoretical arguments exist [3,4] for
the first pion-excitation to have a mass below 1 GeV, a
floor for any reasonable estimate of the continuum thresh-
old above which perturbative and hadronic QCD should
coincide. Even if the first pion excitation state is identi-
fied with the I7(1300) resonance, whose mass pole is still
likely to be below the continuum threshold, the width of
this resonance may be as large as 600 MeV/[5].

To gain qualitative insight into how nonzero resonance
widths can effect QCD sum rule calculations, we can re-
place the J-function within resonance contributions to (1)
with a rectangular pulse of unit area centred at s = m?
with full-width As = 2m1I":

§(s —m?) = Po(s,T) (9)
=[0(s —m?* +mIl) — O(s —m? —mI)]/2mTI.

Let us consider how such an approximation to a lowest-
lying resonance alters a QCD Laplace sum-rule determi-
nation of that resonance’s mass. We assume that all but
the lowest-lying (¢) resonance is absorbed in the contin-
uum. If we replace the delta function for the lowest-lying
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resonance with the pulse P, (s, I'), we find from (2) that

RM7) = gg/ dsPpm (s, [)s*e T
0

= gem* ™™ T A (m, I 1), (10)
with the functions Ag; found from explicit evaluation of
the integrals in (10)

Ao(m, I, 7) = sinh(mI'T)/(mI'T),
Ai(m, Iym) = Ag(m, I,7)[1 + 1/ (m?7)]

— cosh(mI'T)/m>T). (11)
Note that Ag1(m,I,7) — 1 as I' — 0, consistent with
the o-function limit (9). We see immediately from (10)
and (11) that

m? = [R}(7)/R4(1)] [Ao(m, T, 7)/Ar(m, T, 7)]

= [m*r=o - [1 + I?1/3+O(I')]. (12)
Since RI(7)/RA(7) corresponds to RY“P/REYP by du-
ality, this latter ratio corresponds to m? in the narrow
resonance approximation (I" = 0). We see from (12) that
finite width effects will increase the masses of lowest-lying
resonances extracted via Laplace sum rules.

For Laplace sum rules, a more quantitative estimate
of resonance-width effects could be obtained by replacing
the delta-functions in (1) with Breit-Wigner peaks, and
then substituting into the Laplace sum-rule definition (2).
However, the Breit-Wigner shape has an infinite tail, and
significant portions of that tail may extend above the con-
tinuum threshold sg or below the s = 0 boundary into
Euclidean momenta. Such contributions from the Breit-
Wigner tail, whether included or truncated away, can be
genuinely substantial for resonances with widths in excess
of 100 MeV, and can be a source of theoretical uncertainty
in Laplace sum-rule analyses of broad sub-continuum res-
onances. Such uncertainty may be understood as a limita-
tion on Laplace sum-rule methodology itself, particularly
for channels in which more than one resonance lies below
the continuum threshold. Non-lowest-lying resonances are
expected to be less stable, and consequently, to be sub-
stantially broader than lowest-lying resonances. The I =
1 pseudoscalar channel has already been mentioned as an
example of such a channel, and is discussed in the final
two sections of this paper.

2 Nonzero resonance widths
and finite-energy sum-rules

For a given current-correlation function I7(s), the finite-

energy sum-rules (FESR’s) Fy(sg) are defined here to be
the integrals [6]

Fy(s0) = (1/2mi) /C( )ds s*II(s)

= (1/m) /OSO ds s"Im[I1(s)], (13)
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Im(s)

C(so)

Fig. 1. a The contour C(so), b distortion of C'(so) to enclose
the positive real s-axis

where the contour C(sp) is an open circle of radius sg in
the complex s-plane that does not cross the real s-axis [Fig.
la]. The parameter s is understood to be the continuum
threshold discussed in the previous section. As indicated
in (13), the contour C(sg) can be distorted into a line
running below and above the physical singularities on the
positive real s-axis [Fig. 1Db].

In the narrow resonance approximation (1), one finds

that
Fl(s0) =Y grmi* = [Fl(s0)],

T

(14)

an expression that differs from (3) only in that higher-
mass sub-continuum resonances are no longer exponen-
tially suppressed. This is a positive feature of the FESR
approach, if one is seeking to use sum rules to obtain in-
formation about such resonances.

To examine finite width effects, let us first replace the
delta-functions of (1) with the finite-width rectangular
pulses (9). As long as sg > m2 + 2m,.I,, the contribu-
tion of such a pulse to Fy is clearly the same as that of a
delta-function, since Fj is sensitive only to peak-area:

So
ol > [ dsgPu () =0 (15)
Remarkably, the F; sum-rule is also insensitive to the
width of the rectangular pulse:

[Flh(so)]r — / ds s g-Pm, (s, 1)
0

2
my+m, I

= [/ @2m,I,)] / ds s = gom?  (16)

m2—m. Iy

The final result of (16) is identical to the contribution
to [F}'(s0)], obtained from the narrow resonance approx-
imation, with P,,, (s, I.) replaced by 6(s — m2). The re-
sults (15) and (16) are to be contrasted with the width-
dependence exhibited in (10) and (11) for corresponding
Laplace sum rules.

Moreover, the width-independence of the first two
FESR’s obtained above is not an artifact of the rectan-
gular pulse approximation for non-zero width resonances.
Any symmetric resonance peak R, (s) centred at m? can
be represented as a sum over variable-width unit-area rect-

angular pulses Py, (s, ") centred at s = m?:

Imax
Ron(s) = /0 Ar' f(TYPu(s, ) (17)
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Assuming the peak R,,(s) has an area normalized to T,
consistent with R, (s) — 7§(s —m?) in the narrow reso-
nance limit, one finds that

T = /0 " dsRon(s) = /0 Ay as)

provided sy > m? + ml},.,. Consequently, one can use
(16) and (18) to demonstrate that replacing factors of
78(s — m?) in (1) with R,,(s) will not alter narrow-re-
sonance approximation predictions (14) for Fy and Fi:

Bl = [ ds/mg Rl =9 (19)
0
(Fsol [ " ds(1/m)s g0 [Ron(s)]s
[‘""a”‘ ! !
- (1/m) / ar' f(r) (20)

50
X / ds s gr P, (3’ F/) = grmg'
0

Thus we see that the first two finite-energy sum-rules Fj
and F} are impervious to resonance-width effects, pro-
vided the resonance in question is a symmetric peak that is
entirely below the continuum threshold sy. Consequently,
we observe that these sum rules are particularly well-
suited for an analysis of broad subcontinuum resonances.

3 FESR suppression of higher-dimensional
condensates with one or more gq-pairs

The operator-product expansion (OPE) for a dimension-
2 two-current correlation function I7(s) can be expressed
at Euclidean momenta Q? = —s > 0 in terms of QCD-
vacuum condensates as follows:

(-Q?%
= Cp(Q%) + Cgg(Q%) < myaq >
+Ce2(Q%) < ,G? > +C0M(Q%) < qG-0q > (21)
+Caes(Q?) < G > +C(Qq)2(Q2) < as(qq)? > +...

To leading order in ay, the OPE coefficients C,,(Q?) of an
n-dimensional condensate < O,, > are of the general form

CulQ?) = D[4, + Byin(Q? /) mj / Q7"

J

(22)

To avoid mass singularities, the index j is restricted to
zero and even positive integers if n is even, and to odd
positive integers if n is odd. To leading order in «y, con-
tributions to (21) from condensates containing at least
one fermion-antifermion pair necessarily correspond to di-
agrams with broken loops [Fig. 2], and for such diagrams
B, = 0; logarithms arising from integrations over closed-
loop momenta do not occur. For example, to leading or-
der in g, the < mydg > contribution [Fig. 2a] to the
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Fig. 2. a Leading < gq > contribution to current correlation
functions, b typical leading < gG-oq > contribution to current
correlation functions, c typical leading < (q‘q)2 > contribu-
tion to current correlation functions

longitudinal component IT7(s) of the axial-vector current
correlation function,

(G — pupV/pQ)HT (pQ) + (pupV/pQ)HL (pz)

= i/d4m e?" < 0|T5,5(2)jus(0)]0 >, (23)
[us = Uyusd] is given by [7]
CL(Q%) = (2/md)[1 — (1 +4m2/Q*)/?]
=—4/Q* +4m2/Q* —8my/Q% + ... (24)

If in (22) B; = 0 for all j, the definition (13) implies that
the FESR’s Fy and F} are (respectively) sensitive only to
first and second order poles at Q% = 0:

[FE(50))aq = (1/20) /C A8 Ch(s) < myig >

= —4 < mydq > (25)

(FE (s0)laa = 1/2m) | 95 Of) <y >

= —4m3 < mgGq > (26)
Thus, if C,,(Q?), the OPE coefficient of a condensate <
O,, >, is restricted to inverse powers of @2, then n must
be less than or equal to 6 for that condensate to contribute
to Fy or F1. If n > 6, then n+ j — 2 > 6 and the leading
OPE contribution to (22) is at least a third order pole at
@? = 0, which cannot contribute to Fy or Fj.

For the particular case of the longitudinal component
(L) of the axial-vector correlation function, which is cou-
pled to pion-resonance states, there is an additional chiral
symmetry constraint that CL(Q?) — 0 as m, — 0, in
which case j > 1 for all coefficients of condensates that
fail to vanish in the chiral limit. As a consequence, one
can show to leading order in «, that the n = 6 conden-
sate < as(gg)? > cannot contribute to Fy or Fy, as its
leading contribution is necessarily a third-order pole at
Q?=01[1, 8

Clog2(Q%) = —448mm7 0, /27Q° + O(my/Q%).  (27)
Similarly, Fp and F; are found to be insensitive to the
(n = 5) mixed condensate < §G - o¢ >. The relevant
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O

Fig. 3. a Leading purely-perturbative contribution to current
correlation functions, b typical leading < a,G? > contribu-
tion to current correlation functions, ¢ typical leading < G® >
contribution to current correlation functions

contribution to the longitudinal component of the axial-
vector correlator is also seen to involve only third-and-
higher order poles at Q% = 0 [9]:

Ch (@) = —(1— v)*/2miv

= 4m3/Q°% — 20m?/Q% + ..., (28)

v=(1+ 4m3/Q2)1/2. (29)

Thus the leading contributions to Fj and F3 sum rules in
this channel do not involve any condensates with quark-
antiquark pairs except < mggqq >. The Fy and F; sum
rules in other channels can also involve the n = 5 mixed
condensate < GG - 0g > and the n = 6 condensate <
as(qq)? > [we are assuming vacuum-saturation], but no
other condensates containing quark-antiquark pairs, as all
other such condensates are of dimension greater than 6.

4 Purely gluonic contributions to F, and F;
4.1 Purely perturbative gluon-loop contributions

For two-current correlation functions, the suppression of
leading-order contributions from n > 6 condensates ap-
plies only to those operators whose leading contribution
in a5 does not involve a closed perturbative loop. However,
all condensates involving only gluons necessarily are gen-
erated from the closed-loop vacuum polarization diagram
[Fig. 3], and such diagrams are characterized by nonzero
coefficients B; and the OPE expansion (22). The contribu-
tion of such logarithmic terms in (22) to the FESRs Fj and
Fy can be obtained from the general relation [Q? = —s; D
is an integer]

L, dsin@/@”
= 2in(-1)Ps{™P/(1-D); D>2.  (30)

However, a more precise evaluation of the contributions of
closed-loop OPE coefficients necessarily involves the one-
loop momentum integral

1
X(v) = (1/1}2)/0 dz In[l — sz(l — x)/mg —ile]] +2/v?,

(31)

For Euclidean momenta (s < 0), X (v) is given by the real
function X (v) = (1/v)in[(1+wv)/(v—1)]. For Minkowskian

v=(1- 4m3/s)1/2.
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momenta (s > 0), X (v) develops an imaginary part above
the quark-antiquark kinematic production threshold:

X(v) = (1/o) {In[(1+v)/(1 —v)] —in}, s > 4mZ. (32)

The result (32) facilitates the sum-rule determination of
closed loop contributions to Fp ;. For example, the one-
loop purely perturbative contribution [Fig. 3a] to the lon-
gitudinal component of the axial-vector current correlator
(29) is given by [9]

L :
Cylv] = (—3m3/2772)[v2X(v)+d1vergent constant]. (33)

The contribution of (33) to Fy 1 is easily obtained via a
distortion of the contour C(sp) to that in Fig. 1b:

[Fg (s0)],

= ™ B sim LU
=(/m [ as m{ctply
:(37713/27T2)/D

2
4mq

ds(1 —4mZ/s)'/? (34)

= (3m§/27r2) so(1 — 47713/50)1/2 + 2m?

x1ln ‘[1 -(1- 4m3/80)1/2]/[1 +(1- 4m3/80)1/2]‘}

(B (s0)l
—(1/m) [ ds s I {CEL)
= (3mj/4m”)(s5 — 2miso)(1 — dmy/s0)"/* + (3mg/x°)
xin | [1 = (1= 4m/50)/2]/[1 + (1~ 4mi2/50)"?]|

(35)

We note that the results (34) and (35) are exact expres-
sions obtained from the one-loop expression (33), which,
to leading order in the quark mass mg, yield the following:

[F5 (s0)]p = (3mgso/2m%) + O(my),
[F{ (s0)]p = (3mgs/Am?) + O(myg). (36)

4.2 Two-gluon condensate contributions to Fj 1

The OPE coefficient Cg2(Q?) is extracted from the OPE
coefficient Fg2(Q?) in the “normal-ordered basis” (i.e. the
“heavy quark” coefficients listed in Appendix B of [9]) as
follows:

Cc2(Q?) = Eg2(Q%) + (1/12m)Cqq(Q)

—(mg/2m)In(mg/p?)Car (Q%).
The linear combination (37) represents the coefficient in
the “minimally-subtracted basis”, which is chosen so as to
avoid mass-singularities [10]. For example, in the normal-
ordered basis the coefficient of < a;G? > for the longitu-

dinal component of the axial-vector correlator is [9]

B (Q%) = (—1/96mQ%)[16my (3 + 9v*) X (v) /(' Q")]

+[1/(4870*Q?)][9v* + 40 + 3], (38)

(37)
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which generates an expansion
EE(Q?) = 1/37Q% — 5m?2/67Q* + (m) /7 Q%)
x[13/3 + 2In(m?/Q%)] + O(m$/Q%).  (39)

The leading term on the right hand side of (39) does
not vanish as m, — 0, despite the chiral invariance of
< asG? >. Moreover, the right hand side has the quark
mass appear in the logarithm, which could (in principle)
lead to a large logarithm after subtractions. The change
of basis (37) eliminates both problems, as is evident from
direct substitution of (39), (28) and (24) into (37):

Cen(Q?) = m2/27Q* + (m?/mQ°)
x[11/3 = 2n(Q*/1*)] + O(mg/Q®).

The result (40) is consistent with the general form
(22), although the recipe (37) requires further modifica-
tion if O[mSin(m2/Q?)/Q®] terms are to be eliminated.
It is worth noting that the change of basis (37) differs
from an operator redefinition proposed on chiral symme-
try grounds in [9] only by the presence of the final C;(Q?)
term, which has already been shown not to affect the con-
tour integrals leading to Fy and Fi. In Appendix A, the
full contribution of Céz (Q?) to the Fp,1 sum rules for the
longitudinal component of the axial-vector correlator is
determined to all orders in m4 by careful consideration of
the C(sp) contour. However, contributions to Fy and Fy
from the < ayG? > condensate can be evaluated to O(m3)
from application of (30) and the Cauchy residue theorem
to (40):

(40)

[FE(s0)] ca.aes = (1/2m0) < a,G? > / dsCE,(—s)

C(s0)

= (mg/ﬂ'sg) < a,G? > (41)

[Ff(so)}<asg2> = [m3/27r + 2m3/7rso] <a,G* > (42)

4.3 Higher-dimensional gluon condensate
contributions to Fp ;

As in (37), the OPE coefficient Cgs (Q?) in the minimally-
subtracted basis can be extracted from the coefficient
E¢3(Q?) in the normal-ordered “heavy quark” basis [9,11]:

C62(Q%) = Ega(Q%) + [1/(360mmg)]Cq (Q%)

+[1/(127mg)]Cae (Q?).- (43)

This change of basis once again eliminates leading-order

mass-singularities. To see this, we demonstrate application

of (43) to FESR’s by once again considering the relevant

contributions to the longitudinal component of the axial-

vector current correlation function. The OPE coefficient
EL,(Q?) is given by [9]

L —my
_ q 2 4 6
EGG = WX(’U)[?"‘ 23’(} + 13’1} +5U ]



698

1
2880mQ*v8(1 — v?)
x[105 + 6502 — 494v* + 2660° + 50° — T50!?]

+

1 1 1 l4m; s
= 7q2 |oomz 90z~ asqr Ot ()

The leading term on the last line of (44) diverges as m, —
0, an explicit mass singularity. The next-to-leading term
fails to vanish in the chiral limit. However, both of these
terms, as well as the explicit O(m?) term in (44) cancel in
(43) against corresponding terms from C% (24) and Cf;
(28). Consequently, the OPE coefficient C’ég is explicitly
O(mg), and is therefore suppressed relative to Cég. The
suppression of Cgs relative to Cg2 in the operator prod-
uct expansion appears to be a general property [11,12].
Factors of Cgs for the scalar, vector, and axial-vector
[transverse component] current correlation functions, as
extracted via (43) from the “heavy quark” expressions in
[9], are also seen to exhibit suppression by m? relative to
corresponding factors of Cge2.

By contrast, the dimension-8 gluon contributions to
scalar, pseudoscalar and vector correlation functions
(which in our conventions are defined to have dimensions
of mass squared) are argued in [13] to be of the form
[Ao + Boln(Q?/u?)] < G* > /Q5, where Ay and By are
numerical: suppression by mg does not seem to occur. For
the longitudinal component of the axial-vector correlator,
which picks up a factor of mg /@Q? relative to the pseu-

doscalar correlator, a dimension-8 contribution to Fi& will
then be proportional [via (30)] to m2By < G* > /s3.
Such a contribution will be small compared to that of
the dimension-4 condensate < G2 > [eq. (42)] provided
By < G* > is small compared to < G? > s2, suggesting,
in the absence of mg—suppression factors, that any fur-
ther suppression of 2d-dimensional gluon condensates to
FESR’s is contingent upon the ratio < G2¢ > /s2¢ being
small. Such a small ratio can be anticipated via dimen-
sional and factorization arguments [e.g. < G? > < s3].

5 Direct single-instanton contributions to F\

In the instanton liquid model, the direct single-instanton
contribution to the Ry Laplace sum rule (2) for the pseu-
doscalar (P) correlation function has been found to be [14]

RE(r) = (1/m) /0 Y I {17 ()t} e ds

302

52 T
cage " P Ko(p?/27) + Ka (o /27)],

(45)

where p [= 1/(600 MeV)] is the instanton-size parame-
ter. Since the pseuscalar correlator is related to the lon-
gitudinal component (L) of the axial-vector correlator by
IT"(s) = 4m2II7 (s) /s, we sce that the instanton contri-
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bution F; to the corresponding FESR FIL is !
s0
Fi(so) = (1/77)/ I {[IT"(8)]inst } sds
0
= (4m3/7r)/ Im {[II7(5)]inst } ds,  (46)
0

which is related via Laplace transformation to the function
(45) for RE(s) as follows:

Fi(t) = (dmg/m)Im {[IT” (t)]inst } , (47)
LIF(t)] = /000 Fi(t)e stdt = 4m3R§(s)
= sL[F1(t)] — F1(0). (48)
We see from (46) that F;(0) = 0, and find that
Fi(t) = L7 [4maRg () /3] (49)

3 2m2 2

- [2:25‘36_” /2 [Ko(p?/25) + K1(p /25)]
Our use of the variables s and t is to retain consistency
with standard Laplace transform conventions; the variable
t will ultimately be identified with the continuum thresh-
old sg, and the variable s corresponds to the Borel param-
eter 7 in (45) [as defined in (2)]. The inverse transform of
(49) may be obtained from the asymptotic expansions of
Ky and K; [15]:

Ko(2) + K1(2)
= (m/22)"/%e™*
x[2 4 1/(42) — 3/(642%) + 15/(5122%)..]

(50)

3m?2
Filt) = Sy [£71 7T )
1 2
+@£71(875/2€7P /S)
3 —1/.-3/2,-p%/s
—32/)4/3 (s7°/%e )
15 —1/.—-1/2,_—p%/s
+128p6ﬁ (s™/%e )+ .. (51)

Using (51) and replacing ¢ with s, we find that

3m3 1/2
fl(S(]) = 772,04 G(2pso ), (52)
G(w) = {[~w?/4 + 25/32 + O(1/w?)]sin(w)
+ [=Tw/8 + 15/(64w) + O(1/w?)]cos(w)} . (53)

! The direct single-instanton contributions to F& and FL' are
both O(m2). This implies that the instanton contribution to
F§ is small in comparison to that of < gg > (25), which is why
we focus here on Fif
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The results (51-53) are not useful unless w — 2p 3(1)/2 > 1.

Since sé/ %is generally expected to be at least 1 GeV, the
expansion in large w is appropriate and useful [p~! =2 0.6
GeV]. In the large sg limit, the leading perturbative con-
tribution to F¥ [eq. (36)] dominates the instanton con-
tribution, which is at most linear in so (52-3). However,
for values of 5o near 1 GeV?2, the instanton contribution is
shown in the next section to be larger than the perturba-
tive contribution, with phenomenological implications for
the light quark mass.

6 Discussion: FESR’s in the pseudoscalar
channel and the light-quark mass

An old [16] and ongoing [17] controversy in sum rule appli-
cations concerns the failure of the field-theoretical content
of the QCD sum rules to saturate the pseudoscalar chan-
nel. The essence of this problem is evident from a qual-
itative examination of the Ry and R; Laplace sum rules
for the longitudinal component of the axial-vector current
correlation function, as defined in (2) and (4). For suitable
values of the Borel parameter 7 (M = 771/2 >> m,), one
finds that

Ro = f?>m? + Z F2M? exp(—M?7)

M?<so

= —4 <myqq > +O(m3)7 (54)

a result consistent with the current-algebra GMOR re-
lationship f2m2 = —4 < mygq > [18] as long as the
subsequent subcontinuum resonances in the summation
on the hadronic side of (54) are either sufficiently heavy
(M? >> 1/7 >> m2), or their decay constants F? are
sufficiently small (F? << f2m2/M?). The leading field-
theoretical contribution to the R; sum rule, however, is
quadratic in the quark mass [1,8]:

Ry = f2m? + Z F2M} exp(—M?7)
Mi2<30
=m?[—4 < mgeqq >
+3/(2m% %)+ < a,G? > /27
+4487T < as(dq)? > /27 + ... (55)

Naively, the field-theoretical content of (55) is of order
m? times the field-theoretical content of (54), whereas the

hadronic content of (55) is at least of order m?2 times
the hadronic content of (54), suggesting that m, and m,
are comparable. A thorough treatment of QCD contri-
butions to (55) still yields substantially larger values of
the light quark mass [8,19,20] than are anticipated from
other phenomenology [5]. This mismatch in scale [i.e.,

Rl/RY ~ m2; RPP/RYP ~ m?] superficially char-
acterizes the FESR’s F and F& as well. However, these
FESR’s provide a much cleaner framework for extracting
limits on m,, enabling one to avoid the large-width modi-
fications to the hadronic-resonance content of (55), as dis-
cussed in Sects. 1 and 2, as well as higher-dimensional con-

densate contributions (including that of < a,(gq)? >) to
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the field-theoretical content of (55), as discussed in Sects. 3
and 4.

Direct single-instanton contributions (45) to the
Laplace sum rule have been argued in a number of places
[1,14,17] to be necessary for the saturation of the pseu-
doscalar channel. If we incorporate such contributions (52,
53) into the FESR F[, in conjunction with the (width-
independent) k£ = 1 hadronic contributions (14) as well as
the leading [O(m2)] field theoretical contributions (26, 36,
42), we find that

F{ = fimy+ Y FIM}
Mi2<50
=m2[—4 <myqq > + < a,G* > /27 + 35§ /47>
+(3/72p")G(2ps4/%) + O(my)]. (56)
For each subcontinuum pion-excitation state, we define
the resonance parameter r; = (F2M}) /(f2m2). We can

then rearrange (56) to obtain the following relationship
for the light-quark mass:

2 f?mi(HZm)

" T A1 [G(w) + wt/64]B (57)
= -4 <mygqg>+< aG? > /2m,
B = 3/(n%p"). (58)

In (57), the summation is understood to be over only those
resonance peaks below the continuum threshold (M? <
50). The dependence on the continuum-threshold sg enters

through the variable w = 2psé/2, and the function G(w)
is given by (53). Duality implies that the relationship (57)
should retain approximate validity as sg increases to in-
clude the resonance peaks of additional pion-excitation
states. In particular, one would expect the contribution
from II(1300), the first pion-excitation (M = 1300 %+ 100
MeV, I = 200 - 600 MeV [5]) to be fully subcontinuum
if s9 > 4 GeV?2. Possible additional contributions may
accrue in full from [7(1770) and X(1830) at even larger
values of sg.

Using standard parameter values [< mgGg >
= —f2m2 /4, < a;G? > = 0.045 GeV?, p~1 = 600 MeV],
one can then estimate the following numerical lower bound
on the quark mass from (57):

my = ,u(w)\/l—I—Z T
> p(w)\/1+1m6(sg — 4GeV?),

B 2.6MeV
= {0.0075 + 0.039[G (w) + w*/64]}1/2’

where ry is the resonance parameter appropriate for the
first pion-excitation state, as defined earlier. Although chi-
ral Lagrangian arguments have been recently advanced
suggesting that r is substantially less than unity [4], sum-
rule estimates for r of order unity and larger [6] have re-
ceived further support [21] from recent Laplace sum-rule
fits.

(59)

p(w) (60)
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Table 1. Behaviour of (w) with increasing so in the presence
(Column 3) and in the absence (Column 4) of direct single
instanton contributions to the F finite energy sum rule

w  sp (GeV?) w(w)(MeV) w(w) (MeV)
G(w) given by (53) Gw)=0
3.3 0.98 5.7 9.1
3.5 1.10 5.2 8.2
3.7 1.23 4.8 7.4
3.9 1.37 4.5 6.7
4.1 1.51 4.2 6.1
4.3 1.66 4.0 5.5
4.5 1.82 3.8 5.1
4.7 1.99 3.7 4.7
4.9 2.16 3.5 4.3
5.1 2.34 3.4 4.0
5.3 2.53 3.4 3.7
5.5 2.72 3.3 3.4
5.7 2.92 3.2 3.2
5.9 3.13 3.1 3.0
6.1 3.34 3.05 2.8
6.3 3.57 3.0 2.6
6.5 3.80 2.9 2.5
6.7 4.04 2.8 2.3

We reiterate that the FESR-based inequality (59) [and
relation (57) from which it is derived] avoids any need for
a narrow-resonance approximation, which would certainly
be unphysical for dealing with broad subcontinuum pion-
resonance states. The QCD-vacuum condensates that con-
tribute are all lumped into the constant A (58); conden-
sates such as < G - 0q >, < a4(qq)? >, and < a,G3 >
do not generate any O(mg) contributions to Fi', as has
already been discussed in Sects. 3 and 4. Even dimension-
8 gluonic condensate contributions can be expected to be
suppressed relative to those of < a,G? > by the dimen-
sional arguments presented at the end of Sect. 4.

In Table 1, we tabulate pu(w) for values of sy ranging
from 1 GeV? to 4 GeV?2. We also tabulate the same func-
tion in the absence of instanton contributions [i.e. with
G(w) = 0] in order to demonstrate the key role instantons
play in obtaining a lighter and phenomenologically con-
sistent quark mass over the entire range of sy considered.
When the contribution of instantons is absent (Column 4
of Table 1), we find that u(w) decreases from 9.1 MeV by
a factor of four as sg increases from 1 GeV? to 4 GeV?2.
This behaviour, if taken seriously, would not only suggest
via (59) a rather large quark mass (~ 9 MeV), but also a
very large aggregate contribution Y r; ~ 15 from subcon-
tinuum resonance-peaks as sq increases to 4 GeV2.

The instanton term G(w) in the denominator of (60)
greatly ameliorates these effects. When the instanton term
is included (Column 3 of Table 1), we find that p(w) de-
creases from 5.7 MeV by only a factor of two as sy goes
from 1 GeV? to 4 GeV?, suggesting via (59) a lighter (~
6 MeV) quark mass in conjunction with a phenomenolog-
ically reasonable aggregate contribution > r; ~ 3 from
subcontinuum resonance-peaks as s increases to 4 GeV?2.
In view of the sparseness of such pion-resonance states
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[which suggests replacing Y r; with ], it is noteworthy
that this latter estimate is quite compatible with past [6]
and present [21] sum rule estimates for r;.

It is best to regard the results presented in this section
as essentially qualitative. We have utilized only the one-
loop-order purely-perturbative contribution to the corre-
lation function IT" — higher-order terms can be expected
to alter the coefficient of the w*-dependence in the de-
nominator of (60). Inclusion of the renormalization group
(RG) dependence of the running quark mass also lowers
somewhat the size of the aggregate resonance contribu-
tion Y r; as sp — 4 GeV?2. Assuming Agep = 0.2 GeV,
we find near-constancy of the RG-invariant quark mass
m {mg = mgy(so) = m/[ln(\/%//l@cp)]‘l/g} over the 1
GeV? < 59 < 4 GeV? range of Table 1 provided Sori—2
if instantons are included, with > r; — 10 if instantons
are not included. The key point here, however, is that the
function G(w) arising from instantons is oscillatory (53),
going from positive to negative value as sy increases from
1 GeV? to 4 GeV2. Moreover, G(w) is not only positive,
but is also larger over the range 1 GeV? < sy < 1.6 GeV?
than the factor w?*/64 arising from perturbation theory,
thereby lowering and stabilizing the quark mass (59) in a
region for which there is at most only a partial contribu-
tion from the lowest subcontinuum resonance.
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Appendix A: Evaluation of the gluon
condensate contribution to F, Fl

The “heavy-quark” (h.q.) gluon condensate contribution
to Iy, as defined in (23), is obtained from Appendix B.3

of [9] as the sum of coefficients [Cg2], , and [Cag2]), .
for the axial-vector current correlation function:

[TL(p%)] g2 = (Crg2 + Cag2)y 4 < G* >,
[01G2 + CQGz]h,q, = Oé-EG2 = aEpole + CECIX(U), (AQ)

a (18 14 24m?
> , (A3
9671'{3 +s—4mQ+(5—47712)2} (A.3)

a4 1 3
aCe = o |:83’U4 * 53112] ’
We have extracted a factor of a so that Fg2 as defined
in (A.2) is consistent with Eg2 as defined in Sect. 3.

The gluon condensate contribution to the finite energy
sum rules

(A1)

aEpole = -

(A4)

1
Ff = — I (s) ds,
0 211 C(s0)
1
FL = 5 IT;(s) s ds, (A.5)
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can be obtained via (37) from direct evaluation of the
integrals

Go = / Eq: ds, G, E/ Eq: s ds, (A.6)
C(s0) C(so)

with the contour C'(sp) distorted as in Fig. 4 to encompass
any pole singularities of Eg2 at s = 0 or 4m? as well as
the branch singularity for s > 4m?. Using (32), one finds
that

So C
Gy = —21'71'/ —Lds Jr/ Eporeds
4m24e U Co
+/ Epoleds +
C4m2 CO
“
C

4m?2

C, X (v)ds

C, X (v)ds, (A.7)

where the contours Cy and Cly,,2 are clockwise circles of
radius € about s = 0 and s = 4m?, respectively (Fig.4).
We see from (A.3) that

3i Ti
FEyoeds = — FEooleds = —. A8
/Co pole @S g’ /C'4m2 pole @S o ( )
Using the expression for C,, in (A.4), we find that
o O ) 1 2
—2i7r/ “Ts = — [—3——3v0
Am24e U 81 3vy o
im?3 5im 1
_ae v /2
332 %2 +0(e’*) (A.9)

where vg = /1 — 4m?2/sg. The integral around the origin
is straightforward to obtain from (A.4). The integrand

Cy X (v)
1
= 15 2+1()] (A.10)
L [3 6m®  sm' 3
s—4m?2 = (s—4m?2)2 (s —4m?)3  2s]|’

1
I(s) = / dzin[1—sz(l—xz)/m* —ile]], (A1l
0
has a simple pole at s = 0 because I(0) = 0:

C, X (v)ds = —%.

A.12

Note that (A.12) exactly cancels the Cy pole contribution
(A.8), indicating that the origin can be excised from the
contour of Fig. 4.

This cancellation is not peculiar to the channel we are
in. We have verified (Appendix B) that an identical can-
cellation occurs in the scalar, vector, and transverse-axial
channels between the contributions of explicit s = 0 poles
in Eg2 [as in (A.8)] and the integrals of C, X (v) portions
of Eg2 around Cj [as in (A.12)]. Thus the quantum-field-
theoretical singularities in Gy and G all occur for s > 4m?
on the real s-axis for all of the above-mentioned channels.
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R it @ — - mm e e — e e —
°

/—4—\</ < so-il8 |
€

Co Cam?

Fig. 4. Distortion of the C(so) contour [Fig. 1a] for < asG* >
contributions to Fp,1 sum rules

The divergence as € — 0 in (A.9) is cancelled exactly
by the integration of C,X(v), as given in (A.10), over
the contour Cy,,2 around s = 4m?, a cancellation which
also occurs in the other three channels mentioned above.
This cancellation is most easily seen by continuing the
expression (A.11) to complex values of s in the vicinity of
s = 4m?:

. 1/2
I(s) +2=2[(4m?* — s)/s] Y2 tan (47712_5>

_ 4m? — s 1/2 9 4m? — s
-7 s s
2 (4m2 —3)2
= —) +..
3 s

Upon substitution of (A.13) into (A.10) one finds that

(A.13)

/C Co X (v)ds

am?
+6m? s712(4m? — 5)73/2ds
C’4'm2
—8m* s712(4m? — ) 75/2ds
Cym
+§/ 5732 (4m? — 5)Y%ds| . (A.14)
2 C47n2

The factor —7i/24 is just —27i times the aggregate residue
at s = 4m? obtained from multiplication of (A.13)’s inte-
ger powers of (4m? — s) into (A.10). This pole contribu-
tion explicitly cancels the Cy,,2 pole contribution (A.8).
The remaining integrals in (A.14) result from multiplying
the leading 7[(4m? — s)/s]'/? term of (A.13) into (A.10).
They are evaluated by noting that s = 4m? + e’ on
the contour Cjy,,2, with a clockwise rotation of 6 from 27
to 0. When s > 4m?, the correct (negative) sign of the
imaginary part [2iIm{I(s)} = I(s+i|d]) — I(s —i|d])] is
obtained by requiring that (4m? — s)%/2 = —ie'/2¢¥/2:

[

4m?2

5) V2571205 = O(e1/?), (A.15)

24
mel/2

/ (4m? — 5) 73257124 = + 0(eY?), (A.16)
c
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/ (4m? — 5)75/2571/2s
Cyn2

4m
g i e
T 3med/2 + 4m3el/? + 07,

(A.17)

V2573245 = O(3/?). (A.18)

/C (4m? — s

4m?2
Substituting (A.15 - A.18) into (A.14) we find that
im3
3e3/2

7P him
L CwX(U)dS = —ﬂ+m+

4m?2

+0(e'/?), (A.19)

explicitly cancelling the divergencies in (A.9). Since all the
s = 0 and s = 4m? pole terms contributing to Gy have
also been shown to cancel, we find that Gy is equal to
the upper-bound contribution of the first integral on the
right-hand side of (A.7):

% Cy 1 2
GO:—in/ gdS*3 { —|——|—3vo] ;
v 8 | 3v3
vg = /1 —4m?/s0. (A.20)

To obtain the full contribution of < asG? > to the Fy sum
rule, we substitute (37) from the text into (41), utilizing
the results (A.6) and (A.20) in conjunction with (24) and
(28) from the text:

[FOL(SO)] <a,G2>

IS U NN B Y
167 | 3v3  vo 3
414
=< a,G? > [mQ | Lame } . (A.21)
TSG 37rso

To find the gluon condensate contribution to F¥, con-
sider first the integral G; (A.6), which can be evaluated
via the following integrals arising from the distortion of
C(sp) indicated in Fig. 4:

S0 C
G = —2i7r/ —Lsds + Epoles ds
4m24e U Co
+/ Epoies d5+/ C. X (v)s ds
C4m2 Co
+/ C. X (v)s ds. (A.22)
C4m,2
One sees from (A.3) that
5im?
Epoies ds =10, Epoies ds = (A.23)
Co Cyn2

Using the expression for C, in (A.4), we find that

S0 C
-7 / —Zsds
4m24e U

o[ 1 N 3 5
=im°|—+—| —
61}8 2vg

Tim?®

2¢l/2°

4im
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Using (A.10), we find that C, X (v)s has no poles at s =0
[note that 2+1(0) = 2], in which case fCo CyX(v)sds=0.
Once again, we note that the origin can be excised entirely
from the contour of Fig. 4. The divergence in (A.24) as e —
0 is exactly cancelled by integration of C,X (v)s around
the contour Cy,,2. From (A.10) we find that

CuX(v)s = 22+ 1(s)
m4 m6
[(s — 4m?)? * (s —4m?)3 |~ (A.25)

If we substitute (A.13) into (A.25) and integrate around
Cymz2, we easily separate a pure-pole contribution from an
e-dependent contribution involving half-integral powers of
(4m? — s):

/ C.X(v)s ds
c47n2
5im?  Tim®  4imb 1
_ /2
— 3 + 512 + 30372 +0(e’%). (A.26)

(A.26) is obtained through use of (A.16) and (A.17). Not
only are the e-dependent terms in (A.24) cancelled by
(A.26), but the Cy,,2 pole contribution (A.23) also can-
cels against the pole term in (A.26). Thus we find that G
is also equal to the upper-bound contribution of the first
integral on the right-hand side of (A.22):

©C, 1
Gy = —2i7r/ % ds = im? [3 +
v 6vg

We substitute (37) of the text into the integral in (42),
utilizing the results (A.27) in conjunction with (24) and
(28) from the text:

[FlL (SO)} <asG?2>

3] . (A27)

2’[)0

m? 1 371 2
= — < a,G? | == A.28
o = ¢ >{[6v8’+2v0] 3} (A.28)
2 4m?  14m*  160m°
m<asaz>{1+ m” | m, 160m }
2m S0 8§ 3s;

Appendix B: Gluon condensate contributions
to Fpy; in other channels

Scalar Channel

From Appendix B.1 of [9], we have

[Ca2ly, = aBge = a(Epoe + Co X (v)), (B.1)
(3 —v?) (1 —22)(3+v?)
Epppe = > —Y) ¢ = L7V TY) g
pol 167 sv2 2 327 sv? (B.2)
We find that
/ Epopeds = —, / Eporeds = —2F, (B.3)
Co 8 Jo, . 8
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50 C, ) 3
—21 —ds=—-|—— — B.4
m[;m2+e " S 8{ ’U0+v0+\ﬁ:|’ ( )

C.X(v)ds = —E,
Co 8
31 2m
CoX(v)ds = — (1 - ) . (B.5)
o oo =5 (=7
Summing these integrals, we obtain
i 3
GO = / EczdS == |: + ’UQ:| . (B6)
C(s0) 8 Vo
We also find from Appendix B.1 of [9] that
/ Cgqds = 61, / Cnds =0, (B.7)
C(so0) C(s0)

which implies via (37) that
1

[Fo(s0)]<a 62> = 76—

3
[ﬂﬁq <aG? >
Vo
(B.8)
Unlike the case of Fj, the FESR F) requires the use of

(37) to eliminate a logarithmic mass singularity in Gy,
obtained by summing the following five integrals:

2
/ Epores ds =0, / Epoes ds = — 22 (B.9)
Co Cn2
S0
—21'77/ &s ds
4m24e U
im? 3 6m
= — |- =4 2tn(1 —v))+ — B.1
5 |2 vam o)+ 2] @ao)
Cy X (v)s ds =0,
Co
3im?  3md
Cp X (v)sds = - —. (B.11)
Lo Rl
We then find that
Gy =/ Eg2s ds
C(s0)
fn 2 4 2
= [—3 +2n <m>} . (B.12)
2 () S0

which is not analytic in m at m = 0. However the results

/ Cigqs ds = dim>T,
C(s0)

/ Cys ds = —2imm,
C(so0)

used in conjunction with (37) in the contour integral ap-
pearing in (42) eliminates the quark-mass from the loga-
rithm:

(B.13)

[F1(50)] <o 2> (B.14)

m? 3 1 S0
S PR Ry L G >
277[ 200 3 ”(4M2>}<O‘G ~
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Transverse Axial Channel
From Appendix B.3 of [9], we have
[Cle]h,q, =abg: =« (Epole + OxX(U)) ) (B15)
(1+v?%) (1 —02)?
Bpope = ——2 2 ¢, ="V B.16
pol 8msv? v 167 sv2 ( )
We then find that
7 7
/ EpoledS = 1, / EpoledS = Z, (B.l?)
CO C4m,2
0 Cy |1 2
—21'77/ e P [ — vy — m} . (B.18)
am2+e U 4 [vo \ﬁ
)
C.X(v)ds = ——,
Co 4
) m
C,X(v)ds = ——+ —=. (B.19)
L. i+ e

As before, pole contributions from Cy and Cy,,2 are can-
celled by (B.19), and the contour-radius singularity as
€ — 0 cancels between (B.18) and (B.19):

|1
G() = / Egzds = 1 |: — ’U():| . (B?O)
C(s0) 4 Lo
Since in this channel, one finds that [9]
/ Caqds = —4i, / Cyds =0, (B.21)
C(So) C(SO)
we find via (37) that
1 (1 4
['FO(SO)]<OLSG2> = g |:1]0 — Vg — 3:| < QSG2 > . (B22)
Corresponding results for F} are listed below:
/ Epores ds =0, / Epores ds = im?, (B.23)
Co Cym2
o C 1 2
—2m/ s ds = im? ( - m) . (B.24)
am24e Y vo Ve
/ CyX(v)sds =0,
Co
2im3
/ CoX(v)s ds = —im?* + o , (B.25)
c47n2 \/g
8imm?
Cyqs ds = — ) Cusds=0, (B.26)
C(s0) C(s0)
m?  m? 9
[Fl(so)]<osz2> = 27”)0 - % < OésG > . (B27)
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Vector Channel
From (II.19) of [9], we find that

3 — 202 + 3v*
Epole = 7Q

487 svt ’
o (1 —22)2(1 +0?)
v 32msvt ’
We then find that:
)
E, oleds = 35 / E oleds = 31
/CU P 8 Jo,. " 24
S0
72i7r/ &ds
4m24e U
_ ) 1 8m3 m
5|03 3eran
)
CoX(v)ds = ——,
Co 8
) im? m
/C CQJX(U)dS:—ﬂ—FgeT/z“FW,

/ Cgqds = —4im, / Cnds =0,
C(s0) C(so0)

[Fo(50)] a2

1 18
- ) ca@? s,
167 (”0 T30 3) St

Corresponding results for F; are listed below:

2 2
/ Epoles ds = 0. / Epoles ds = mm ,
CO C4m2
50
—2i7r/ &s ds
dm24e U
. im2 1 1 8m3 3m
T2 |w | 3v3 3632 €2
C,X(v)sds =0,
Co
2im?  4im®  3im?

C,X(v)sds =—

A

4m?2

1
/ Cgqs ds = f—6i7rm2, / Cysds =0,
C(s0) 3 C(so)

[Fl (80)} <asG2>

m2[1 1 8
— — | < a,G? > .
[ 303 9} .

3 + 363/2 + 261/27

47 | v

(B.238)

(B.29)

(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)
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